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41 Vhwxs

Zh zloo dvvxph wkdw doo rxu udqgrp yduldeohv

�
dqg vwrfkdvwlf

surfhvvhv olyh rq d suredelolw| vsdfh ElcI c�� zlwk d vdpsoh

vsdfh l/ vljpd0dojheud I dqg suredelolw| phdvxuh �1 Zh dovr

dvvxph wkdw wkhuh h{lvwv d �owudwlrq

iI

|
c f � | 	4j

vxfk wkdw

Ir � I| � I

iru

f � r � | 	4�

Zh zloo eh frqvlghulqj rqo| wkrvh vwrfkdvwlf surfhvvhv wkdw kdyh frq0

wlqxrxv wudmhfwrulhv �0doprvw vxuho|1 Lq dgglwlrq zh zloo rqo| eh ghdo0

lqj zlwk I

|
0dgdswhg surfhvvhv1 Qrwh wkdw d surfhvv zlwk frqwlqxrxv

wudmhfwrulhv lv suhglfwdeoh +ru/ dv vrph fdoo lw/ suhylvleoh, li lw lv

dgdswhg1

51 Sdudgljp

Wkh frqfhsw ri d uhsolfdwlqj vwudwhj| lv dq lpsruwdqw rqh1 Ohw xv

uhfdoo lwv gh�qlwlrq1 Vxssrvh zh kdyh dq hfrqrp| zlwk wzr sulpdu|

lqvwuxphqwv1 Wkhlu sulfhv dw wlph | zloo eh ghqrwhg e| U| dqg a|� D

vwudwhj| lv d sdlu ri +suhglfwdeoh, surfhvvhv E�
|
c �

|
�/ zkhuh zh lqwhu0

suhw �

|
dv wkh dprxqw ri lqvwuxphqw U zh krog dw wlph |/ dqg �

|
dv

wkh dprxqw ri lqvwuxphqw a zh krog dw wlph |� Wkhq wkh ydoxh ri wkh

sruwirolr dw wlph | lv htxdo wr

�
|
' �

|
U

|
n �

|
a

|
�

Gdwh= Mdqxdu| 7wk/ 53341

Wkhvh duh ohfwxuh qrwhv iru Il{hg Lqfrph LL fodvv iru Ilqdqfldo Pdwkhpdwlfv

surjudp lq wkh Xqlyhuvlw| ri Fklfdjr1

4
Zrugv lq erog ghqrwh frqfhswv wkdw zh xvh h{whqvlyho| exw zkrvh gh�qlwlrqv

vkrxog eh orrnhg xs hovhzkhuh

4
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Wkh vwudwhj| lv fdoohg vhoi0�qdqflqj li wkh fkdqjh lq wkh ydoxh ri wkh

sruwirolr frphv iurp fkdqjhv lq wkh sulfhv ri wkh lqvwuxphqwv rqo|/

_�
|
' �

|
_U

|
n �

|
_a

|
�

Lw lv fdoohg uhsolfdwlqj iru d fodlp zlwk d +udqgrp, sd|r� f dw wlph A

li

�A ' f

�0doprvw vxuho|1

Zh zloo sulfh ghulydwlyh vhfxulwlhv e| frqvwuxfwlqj uhsolfdwlqj vwudwh0

jlhv1 Zh zloo xvh wkh idfw wkdw li wkh ydoxh ri d uhsolfdwlqj vwudwhj| +e|

gh�qlwlrq vhoi0�qdqflqj, dw rswlrq*v pdwxulw| lv htxdo wr wkh sd|r� ri

wkh rswlrq/ wkhq wkh qr0duelwudjh ydoxh ri wkh rswlrq wrgd| lv htxdo wr

wkh lqlwldo lqyhvwphqw uhtxluhg wr sxw wkh uhsolfdwlqj vwudwhj| lq sodfh1

Wkh idfw wkdw zh fdq sulfh ghulydwlyh vhfxulwlhv wklv zd| iroorzv iurp

wkh Qr Iuhh Oxqfk frqglwlrq

QIO= Li wzr vwudwhjlhv kdyh wkh vdph sd|r�v lq wkh ixwxuh/ wkh|

pxvw kdyh wkh vdph ydoxh wrgd|1

Iurp qrz rq/ zh ghqrwh wkh ydoxh dw wlph | ri wkh lqvwuxphqw wkdw

sd|v f dw vrph ixwxuh wlph | e|

Z| Ef� �

Lq wkh glvfxvvlrq deryh/ lw iroorzv iurp QIO wkdw Z

|
Ef� dw wlph | pxvw

eh htxdo wr �
|
1

Li zh kdyh wzr wudghg lqvwuxphqwv/ krz fdq zh uhsolfdwh rqh zlwk

wkh rwkhuB Wkh iroorzlqj wkhruhp surylghv d sduwldo dqvzhu/ vhh ^NV/

s14;5`1

Wkhruhp 514 +Pduwlqjdoh Uhsuhvhqwdwlrq Wkhruhp,1 Ohw wkh �owudwlrq

iI

|
j eh jhqhudwhg e| d surfhvv `

|
zklfk lv dEurzqldq prwlrq xqghu

vrph phdvxuh " rq ElcI� � Ohw wkh surfhvv �

|
eh dq I

|
0dgdswhg frq0

wlqxrxv vtxduh0lqwhjudeoh pduwlqjdoh xqghu wkh vdph phdvxuh1 Wkhq

wkhuh h{lvwv d suhglfwdeoh surfhvv �| vxfk wkdw

,
'

]
A

f

�

2

|
_| 	4

dqg

�

|
' �f n

]
|

f

�

r
_`

r
�

Pruhryhu/ li

�

r
: f "0d1v1
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dqg �| lv dqrwkhu I|0dgdswhg frqwlqxrxv vtxduh0lqwhjudeoh pduwlqjdoh

+xqghu ", wkhq wkhuh h{lvwv dqrwkhu suhglfwdeoh surfhvv �

|
vxfk wkdw

�| ' �f n

]
|

f

�

r
_�r�

Zh fdq lqwhusuhw wkh wkhruhp dv wkdw zh fdq �uhsolfdwh� rqh pdu0

wlqjdoh � e| �kroglqj� wkh dprxqw ri �

|
ri pduwlqjdoh � dw wlph |1

Zh zloo pdnh xvh ri wklv wkhruhp e| �qglqj d phdvxuh xqghu zklfk

wkh ydoxhv ri wudghg lqvwuxphqwv duh pduwlqjdohv/ dqg wkhq uhsolfdwlqj

wkhp xvlqj wkh wkhruhp1

61 Lqwhuhvw udwh pdunhw

Wkh sulfh dw wlph | ri d }hur erqg wkdw sd|v '4 dw wlph A lv ghqrwhg

e|

� E|c A � �

Wkh lqvwdqwdqhrxv iruzdug udwh dw wlph | iru iruzdug shulrg dAc A n fo

lv ghqrwhg e|

s E|c A � �

Wkh vkruw udwh dw wlph | lv ghqrwhg e|

o E|� ' s E|c |� �

Uhfdoo wkdw e| gh�qlwlrq

� E|c A � ' i T

�
�

]
A

|

s E|c �� _�

�
�

Zh fdq jr edfn dqg iruwk ehwzhhq erqg sulfhv dqg lqvwdqwdqhrxv

iruzdug udwhv1 Li zh lpsrvh vrph hyroxwlrq rq iruzdug udwhv/ wkdw

lpphgldwho| �orfnv lq� wkh hyroxwlrq ri erqg sulfhv/ dqg ylfh yhuvd1

Qrwh wkdw iru erqgv � E|c A � dqg iruzdug udwhv s E|c A � wkh vhfrqg

dujxphqw +fdslwdo A , zrunv dv dq �lqgh{� wkdw gl�huhqwldwhv ydulrxv

wudghg lqvwuxphqwv1 Wkh �uvw lqgh{ +olwwoh |, lv d wlph lqgh{1 Iru

h{dpsoh/ li A lv �{hg dqg | fkdqjhv/ zh jhw d vwrfkdvwlf surfhvv ri

erqg ydoxhv i� E|c A �j

A

|'f
+jhqhudoo| zh dvvxph wkdw olwwoh | fdqqrw jr

eh|rqg fdslwdo A dv lw zrxog qrw pdnh pxfk hfrqrplf vhqvh,1 Zh

dvvxph wkdw iru hdfk A / wklv surfhvv lv I

|
0dgdswhg dqg frqwlqxrxv1

Wkhq wkh vdph iru wkh vwrfkdvwlf surfhvv is E|c A �j

A

|'f
1
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71 Zkdw lv qr0duelwudjhB

Vxssrvh zh wu| wr fuhdwh dq lqwhuhvw0udwh prgho e| lpsrvlqj vrph

g|qdplfv rq udqgrp surfhvvhv iru erqg surfhvv � E|c A �1 Reylrxvo| zh

zrxog kdyh wr gr wkdw iru hdfk pdwxulw| A 1 Krz gr zh ghflgh zkhwkhu

rxu prgho pdnhv vhqvhB Frqvlghu iru vlpsolflw| rqh0idfwru prgho +rqo|

rqh vrxufh ri qrlvh,1 Zh zloo vkrz odwhu wkdw lq wklv vlwxdwlrq d erqg

zlwk vrph pdwxulw| 7 fdq eh g|qdplfdoo| uhsolfdwhg xvlqj dqrwkhu

erqg zlwk pdwxulw| A dv orqj dv A : 71 Vr d erqg zlwk pdwxulw| 7

zloo kdyh wzr sulfhv/ rqh jlyhq e| rxu ruljlqdo prgho vshfl�fdwlrq +wkdw

dw wlph | ' f lv htxdo wr wkh pdunhw sulfh ri d erqg � Efc 7�,/ dqg wkh

rwkhu sulfh rewdlqhg iurp uhsolfdwlqj vwudwhj|1

Wkh rqo| zd| iru wkh prgho wr pdnh vhqvh +eh d �qr0

duelwudjh� prgho, lv wr kdyh wkrvh wzr sulfhv frlqflgh1

Khdwk0Mduurz0Pruwrq dssurdfk doorzv xv wr frqvwuxfw prghov wkdw

suhyhqw wklv nlqg ri �prgho duelwudjh�/ zkhuh wkh vdph lqvwuxphqw fdq

kdyh wzr gl�huhqw sulfhv ghshqglqj rq zkdw dqjoh |rx orrn dw wkhp

iurp1

81 Vlqjoh0idfwru KMP

8141 Dvvxpswlrqv1 Ohw xv vwduw e| �{lqj d Eurzqldq prwlrq `

r
xq0

ghu wkh +ruljlqdo, phdvxuh �/ dqg e| dvvxplqj wkdw wkh �owudwlrq iI

|
j

lv jhqhudwhg e| ` 1 Zh ixuwkhu dvvxph d yhu| jhqhudo irup iru iruzdug

udwhv/

s E|c A � ' s Efc A � n

]
|

f

j Erc A � _`r n

]
|

f

k Erc A � _rc f � | � A�

+814,

Khuh j Erc A � dqg k Erc A � duh yhu| jhqhudo surfhvvhv/ wkdw duh dvvxphg

wr eh +vrph whfkqlfdo frqglwlrqv,

� dgdswhg dqg frqwlqxrxv surfhvvhv ri r>

� vtxduh0lqwhjudeoh lq r(

� vtxduh0lqwhjudeoh lq erwk dujxphqwv1

Vshfli|lqj iruzdug udwhv* hyroxwlrq e| +814, frpsohwho| �{hv xs wkh

prgho1 Zh ghulyh wkh surfhvvhv iru rwkhu txdqwlwlhv ehorz1
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8151 Erqg sulfhv1 Zh kdyh

� E|c A � ' i T

�
�

]
A

|

s E|c �� _�

�+815,

' i T

�
�

]
A

|

�
s Efc �� n

]
|

f

j Erc �� _`
r
n

]
|

f

k Erc �� _r

�
_�

�

' i T

�
�

]
|

f

�]
A

|

j Erc �� _�

�
_`r

�

]
A

|

s Efc �� _��

]
|

f

]
A

|

k Erc �� _� _r

�
�

8161 Prqh| pdunhw1 D prqh| pdunhw �| lv gh�qhg dv iroorzv

_�

|
' o E|��

|
_|c �f ' �c

zklfk fdq dovr eh zulwwhq dv

�

|
' i T

�]
|

f

o Er� _r

�
�

Prqh| pdunhw dw wlph | lv wkh ydoxh ri rqh groodu lqyhvwhg lq wlph }hur

dqg uroohg xs hyhu| gd| dw wkhq0suhydlolqj vkruw udwh1

Uhfdoo wkdw

o E|� ' s E|c |� c

vr wkdw +iurp +814,,

o E�� ' s Efc �� n

]
�

f

j Erc �� _`r n

]
�

f

k Erc �� _r�

Wkhq

�| ' i T

�]
|

f

�
s Efc �� n

]
�

f

j Erc �� _`r n

]
�

f

k Erc �� _r

�
_�

�+816,

' i T

�]
|

f

�]
|

r

j Erc �� _�

�
_`

r
n

]
|

f

s Efc �� _�n

]
|

f

]
|

r

k Erc �� _� _r

�

8171 Glvfrxqwhg erqgv1 Ohw xv ghqrwh

~ E|c A � ' �

3�

|
� E|c A � �

Zkdw zh kdyh khuh lv wkdw ~ E|c A � lv wkh ydoxh lq wrgd|*v +| ' f, grooduv

ri d erqg dw wlph |1 Wkh uhdvrq wr frqvlghu glvfrxqwhg ydoxhv lv wkdw

zh zrxog olnh wr eh deoh wr frpsduh ydoxhv ri lqvwuxphqwv dw gl�huhqw

wlphv/ dqg wkh| duh gluhfwo| frpsdwleoh rqo| li h{suhvvhg lq wkh vdph
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xqlwv/ lq wklv fdvh ehlqj �wlph f grooduv�1 Frpelqlqj +815, dqg +816,

zh jhw

~ E|c A � ' �

3�

|
� E|c A �

' i T

�
�

]
|

f

�]
|

r

j Erc �� _�

�
_`

r

�

]
|

f

s Efc �� _��

]
|

f

]
|

r

k Erc �� _� _r

�

� i T

�
�

]
|

f

�]
A

|

j Erc �� _�

�
_`r

�

]
A

|

s Efc �� _��

]
|

f

]
A

|

k Erc �� _� _r

�

' i T

�
�

]
|

f

�]
|

r

j Erc �� _�n

]
A

|

j Erc �� _�

�
_`r

�

� i T

�
�

]
|

f

s Efc �� _��

]
A

|

s Efc �� _�

�

� i T

�
�

]
|

f

]
|

r

k Erc �� _� _r�

]
|

f

]
A

|

k Erc �� _� _r

�

' i T

�
�

]
|

f

�]
A

r

j Erc �� _�

�
_`r

�

� i T

�
�

]
A

f

s Efc �� _�

�

� i T

�
�

]
|

f

]
A

r

k Erc �� _� _r

�

' i T

�]
|

f

PErc A � _`
r

�

]
A

f

s Efc �� _��

]
|

f

]
A

r

k Erc �� _� _r

�
c

zkhuh

P Erc A � ' �

]
A

r

j Erc �� _��
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Lq sduwlfxodu +Lwr*v ohppd,

_~ E|c A � ' ~ E|c A �

�
PE|c A � _`

|
�

�]
A

r

k E|c �� _�

�
_|

�
+817,

n ~ E|c A �

�
�

2

P

2
E|c A � _|

�
�

8181 Uhsolfdwlqj dq duelwudu| sd|r�= wkh vwhsv1 Dv zdv phq0

wlrqhg ehiruh/ zh zrxog olnh wr frqvwuxfw d vwudwhj| iru uhsolfdwlqj dq

70pdwxulw| erqg zlwk d vwudwhj| lqyroylqj d A 0pdwxulw| erqg1 Lq idfw/

zh fdq gr rqh ehwwhu1 Zh fdq vkrz wkdw zh fdq uhsolfdwh dq| sd|0

r� xvlqj rqo| A 0pdwxulw| erqg +dqg prqh|0pdunhw dffrxqw,1 Dvvxph

wkdw f lv d sd|r� wkdw zh zdqw wr uhsolfdwh1 Zh dvvxph wkdw lw lv dq

I

7
0phdvxudeoh udqgrp yduldeoh zkhuh 7 	 A +li |rx uhfdoo wkh gh�ql0

wlrq ri dq I

7
0phdvxudeoh udqgrp yduldeoh/ lw mxvw phdqv wkdw wkh ydoxh

f zloo eh �nqrzq� frph wlph 7,1

Uhfdoo d wkhruhp suhvhqwhg hduolhu derxw uhsolfdwlqj rqh pduwlqjdoh

zlwk dqrwkhu1 Li zh frxog pdnh doo uhohydqw surfhvvhv pduwlqjdohv/ zh

zrxog xvh wkdw wkhruhp wr frqvwuxfw d uhsolfdwlqj vwudwhj|1 Vr rxu sodq

lv dv iroorzv/

41 Ilqg d phdvxuh " xqghu zklfk ~ E|c A � lv d pduwlqjdoh>

51 Ilqg d "0pduwlqjdoh T| vxfk wkdw dw wkh �qdo wlph 7 wkh pduwlq0

jdoh T lv htxdo wr wkh glvfrxqwhg ydoxh ri wkh sd|r�/ T7 ' �

3�

7
f>

61 Ilqg d suhglfwhg surfhvv �

|
vxfk wkdw T

|
' Tf n

U
|

f
�

|
_~ E|c A � (

71 Suryh wkdw �

|
lv +sduw ri, d uhsolfdwlqj vwudwhj|1

Ohw xv gr wkhvh vwhsv1

818141 Vwhs 41 Uhduudqjlqj +817, zh jhw/

_~ E|c A � ' ~ E|c A �

�
P E|c A � _`| n

�
�

2

P

2
E|c A ��

]
A

r

k E|c �� _�

�
_|

�+818,

' ~ E|c A �P E|c A �

�
_`

|
n

�
�

2

P E|c A ��

�

P E|c A �

]
A

|

k E|c �� _�

�
_|

�
�

Fkdqjhv ri phdvxuh duh wkh vdph dv fkdqjhv ri guliw iru wkh Eurzqldq

prwlrq +Jluvdqry*v wkhruhp,1 Wkh surfhvv ~ E|c A � zloo eh d pduwlqjdoh

li dq VGH iru ~ grhv qrw kdyh wkh �gw� sduw1 Vr li zh gh�qh

�

|
'

�

2

P E|c A ��

�

P E|c A �

]
A

|

k E|c �� _�c+819,

_

�
`| ' _`| n �

|
_|c
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dqg gh�qh phdvxuh " e| wkh uhtxluhphqw wkdw

�
`| eh d Eurzqldq pr0

wlrq xqghu "/ zh zrxog kdyh

_~ E|c A � ' ~ E|c A � P E|c A � _
�
`

|
c

zklfk gh�qhv d pduwlqjdoh1

818151 Vwhs 51 Wkh surfhvv

T

|
' ,

'

�
�

3�

7
f

��
I

|

�

lv dxwrpdwlfdoo| d pduwlqjdoh ehfdxvh ri d wrzhu uxoh1 Li r 	 | 	 7

wkhq

,
'

ET
|
m I

r
� ' ,

'

�
,
'

�
�

3�

7
f

��
I

|

���
I

r

�

' ,
'

�
�

3�

7
f

��
Ir

�

' T

r
�

Fohduo|

T

7
' ,

'

�
�

3�

7
f

��
I

7

�
�

Vlqfh f lv I70phdvxudeoh/ dqg vr lv �

3�

7
/ zh kdyh iurp rqh ri wkh

surshuwlhv ri frqglwlrqdo h{shfwdwlrq wkdw

T

7
' ,

'

�
�

3�

7
f

��
I

7

�
' �

3�

7
f

dv uhtxluhg1

818161 Vwhs 61 E| Pduwlqjdoh Uhsuhvhqwdwlrq Wkhruhp wkhuh h{lvwv d

suhglfwdeoh surfhvv �

|
vxfk wkdw

_T

|
' �

|
_~ E|c A � c

vr wkdw

T

|
' Tf n

]
|

f

�

r
_~ Erc A �

' ,
'

�
�

3�

7
f

��
If

�
n

]
|

f

�

r
_~ Erc A � �

818171 Vwhs 71 Gh�qh

�

|
' T| � �

|
~ E|c A � �

Wkhq wkh vwudwhj| uhtxluhv kroglqj dw wlph |

� �

|
xqlwv ri erqg � E|c A � ( dqg

� �

|
xqlwv ri wkh prqh| pdunhw dffrxqw �|�
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Dw wlph | wkh ydoxh ri wkh sruwirolr -| lv htxdo wr

-| ' �

|
� E|c A � n �

|
�|+81:,

' �

|
� E|c A � n ET

|
� �

|
~ E|c A ���

|

' �

|
� E|c A � n

�
T| � �

|
�

3�

|
� E|c A �

�
�|

' �

|
� E|c A � n T

|
�

|
� �

|
� E|c A �

' T|�|�

Lq sduwlfxodu/ dw wlph 7c T7 ' �

3�

7
f +vhh Vwhs 6, vr wkdw

-

7
' T

7
�

7
' �

7
�

3�

7
f ' f�

Dw wkh h{slu| wlph 7 zh h{dfwo| uhsolfdwh wkh sd|r� f�

Zh qhhg wr fkhfn li wkh vwudwhj| lv vhoi0�qdqflqj1 Zh kdyh +�

|
kdv

qr vwrfkdvwlf whup/ zh xvh wkdw d ihz wlphv ehorz,

_-

|
' �

|
_T

|
n T

|
_�

|
+81;,

' �| �|
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:1 Pxowl0idfwru KMP

:141 Prwlydwlrq1 Lq wkh prgho zh mxvw frqvwuxfwhg/ doo iruzdug udwhv

duh lqvwdqwdqhrxvo| shuihfwo| fruuhodwhg1 Wklv lv qrw yhu| uhdolvwlf � d

pryh lq 63| iruzdug udwh fdqqrw xvxdoo| eh frpsohwho| suhglfwhg iurp
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prqh| pdunhw surfhvv �|/ dqg wkh irupxod +:16, lv +doprvw, doo wkdw lv

uhdoo| qhhghg wr frqvwuxfw dq| qr0duelwudjh lqwhuhvw0udwh prgho1 Wklv

dssurdfk fryhuv d zlghu udqjh ri prghov wkdq KMP iudphzrun grhv1

Lq sduwlfxodu/ prghov zlwk mxpsv duh dovr lqfoxghg/ dv duh wkrvh lq
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lqj1 Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<9

^VF` Ohfwxuh qrwhv rq vwrfkdvwlf fdofxoxv/ 4<<<

^IK` E1Iohvdnhu/ O1Kxjkvwrq1 Srvlwlyh Lqwhuhvw/ Ulvn Pdjd}lqh/ Yro1</ Qr14/ Mdqx0

du| 4<<9

^NK` S1Kxqw/ M1Nhqqhg|/ D1Shovvhu1 Pdunry0ixqfwlrqdo lqwhuhvw udwh prghov1 Il0
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